Σ-products of paracompact C-scattered spaces  by Tanaka, Hidenori & Yajima, Yukinobu
Topology and its Applications 124 (2002) 39–46
Σ-products of paracompact C-scattered spaces
Hidenori Tanaka a, Yukinobu Yajima b,∗
a Department of Mathematics, Osaka Kyoiku University, Asahigaoka, Kashiwara, Osaka 582-8582, Japan
b Department of Mathematics, Kanagawa University, Yokohama 221-8686, Japan
Received 27 October 2000; received in revised form 20 June 2001
Abstract
Many results have been obtained for the normality of Σ-products of generalized metric spaces. In
this paper, we give another line for the study of the normality of Σ-products. That is, it is proved
that a Σ-product of paracompact C-scattered spaces is (collectionwise) normal if it has countable
tightness.
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1. Introduction
Since the concept of Σ-products was introduced by Corson [1], the normality of Σ-
products has been studied in many papers. In particular, since the normality of Σ-products
of metric spaces was proved by Gul’ko [2] and Rudin [5], the result has been extended
for several generalized metric spaces, such as p-spaces [4], Σ-spaces [12] and semi-
stratifiable spaces [13].
On the other hand, scattered spaces are not generalized metric spaces. However, as the
spaces consisting of ordinals (with the usual order topology) are scattered, many important
examples using ordinals are scattered. Rudin and Watson [7] proved that the countable
products of paracompact scattered spaces are paracompact. From this, for the study of the
normality of Σ-products, we can consider another line different from the lines as above.
That is, analogizing from several results all this while, we come to consider the following
question:
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(∗) Is a Σ-product of paracompact scattered spaces normal (shrinking) if it has
countable tightness?
In this paper, we give an affirmative answer to this question in terms of C-scattered
spaces, which is a generalization of scattered spaces and locally compact spaces. The
concept of C-scattered spaces was introduced and studied by Telágrsky [9] for the
paracompactness of product spaces. Moreover, he [10] studied it in the theory of
topological games.
Since Rudin [6] proved the shrinking property of Σ-products of metric spaces, the
analogues for generalized metric spaces have been another interesting subject. So it is
also natural to consider the parenthetic part in (∗). We give a partial answer to this in terms
of C-scattered spaces.
Throughout this paper, all spaces are assumed to be regular T1.
2. C-scattered spaces
A space X is C-scattered [9] if each non-empty closed subset F in X has a point with a
compact neighborhood in F . Recall that a space X is scattered if each non-empty (closed)
subset A in X has an isolated point in A. So all scattered spaces and all locally compact
spaces are C-scattered.
For a space X and a closed subset F in X, let
F ∗ = {x ∈ F : x has no compact neighborhood in F }.
Moreover, let F (0) = F,F (α+1) = (F (α))∗ and F (λ) =⋂α<λ F (α) for a limit ordinal λ.
Then note that each F (α) is a closed set in X and that F1 ⊂ F2 implies F (α)1 ⊂ F (α)2 for two
closed sets F1 and F2 in X. Moreover, note that X is C-scattered if and only if X(λ) = ∅
for some ordinal λ.
Let X be a C-scattered space. For each x ∈ X, there is a unique ordinal α with x ∈
X(α)X(α+1), which is denoted by rankx = α. A closed set F in X is C-topped if there is
an (unique) ordinal αF such that F ∩X(αF ) is non-empty compact and F ∩X(αF+1) = ∅.
Then F ∩X(αF ) is denoted by CtopF . Note that each x ∈X has an open neighborhoodU
in X such that U is C-topped with x ∈ CtopU .
Let X =∏in Xi be a finite product of C-scattered spaces (then X is also C-scattered
by [9]). A subset of the form ∏in Ei is a basic closed (open) set in X if Ei is closed
(open) in Xi for each i  n. A basic closed set E =∏in Ei in X is C-topped if each Ei
is C-topped in Xi . Then
∏
in CtopEi is denoted by Ctop∗E.
Lemma 2.1.
(a) If X and Y are paracompact (subparacompact) C-scattered spaces, then so is
X× Y .
(b) Every paracompactC-scattered space X is totally paracompact (that is, every base
of X contains a locally finite subcover).
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In fact, (a) follows from [9, Theorems 1.4 and 2.3] and the parenthetic part follows from
[10, Theorem 9.7] and [11, Theorem 3.1]. Moreover, (b) is just [9, Corollary 3.3].
Remark. It is known that the spaceωω of all irrational numbers is not totally paracompact.
Hence the countable products of paracompact scattered spaces are not necessarily C-
scattered. On the other hand, the first author [8] proved that the countable products of
paracompact C-scattered spaces are paracompact.
3. Normality of Σ -products
Let X =∏λ∈ΛXλ be a product of spaces Xλ,λ ∈Λ, where we may assume that each
factor Xλ contains at least two points and that the index set Λ is uncountable. Fix a point
s = (sλ) ∈X. Then the subspace
Σ = {x = (xλ) ∈X: Supp(x) is at most countable
}
of X is called a Σ-product of spaces Xλ,λ ∈Λ, where let Supp(x)= {λ ∈ Λ: xλ = sλ}.
The s ∈Σ is called a base point of Σ . The mention of the base point s is often omitted.
For a set Λ, we denote by [Λ]<ω the set of all finite subsets of Λ. For each R ∈ [Λ]<ω ,
we denote by XR the finite subproduct
∏
λ∈R Xλ of Σ , and denote by pR the projection
of Σ onto XR . In particular, p{λ} is denoted by pλ for λ ∈Λ. Moreover, we denote by pR′R
the projection of XR′ onto XR for R,R′ ∈ [Λ]<ω with R ⊂R′.




are abbreviated by Xξ ,pξ and pηξ , respectively.
For an R ∈ [Λ]<ω, a subset E of Σ is R-cylindrically closed (open) in Σ if pR(E) is
closed (open) in XR and p−1R pR(E)=E.
A space S has countable tightness if for each A⊂ S and x ∈A, there is B ⊂A such that
B is countable and x ∈ B . First countable spaces have countable tightness.
A collection D of subsets of a space S is discrete at x ∈ S (discrete in S) if there is an
open neighborhood U of x such that U meets at most one member of D (for each x ∈ S).
A space S is collectionwise normal if every discrete collection of closed subsets in S can
be separated by disjoint open sets.
Now, we are ready to prove our main theorem.
Theorem 3.1. Let Σ be a Σ-product of paracompact C-scattered spaces. If Σ has
countable tightness, then it is collectionwise normal.
Proof. Let Σ be a Σ-product of paracompact C-scattered spaces Xλ,λ ∈Λ, with a base
point s ∈Σ . For each x ∈Σ , let Supp(x)= {λx,i: i ∈ ω}. Let D be a discrete collection of
closed sets in Σ .
Now, for each n ∈ ω, we will construct a collection Gn of open sets in Σ and an
index set Ξn of nth level of a tree with the height ω such that each ξ ∈ Ξn assigns
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Rξ ∈ [Λ]<ω,Eξ ⊂Σ,Hξ ⊂ Σ,Tξ ⊂ Σ and xξ ∈Xξ− (where ξ− denotes µ ∈ Ξn−1 with
µ< ξ ), satisfying the following conditions (1)–(7) for each n ∈ ω:
(1) Gn is locally finite in Σ such that G meets at most one member of D for each
G ∈ Gn,
(2) {Hξ : ξ ∈Ξn} is locally finite in Σ ,
and for each ξ ∈Ξn,n 1,
(3) Eξ is an Rξ− -cylindrically closed set and Hξ is an Rξ− -cylindrically open set in Σ
with Eξ ⊂Hξ ,
(4) pξ−(Eξ ) is a C-topped basic closed set in Xξ− with xξ ∈ Ctop∗ pξ−(Eξ ),
(5) Eξ  (
⋃Gn)⊂⋃{Eη: η ∈Ξn+1 with η− = ξ} ⊂Eξ ,
(6) Tξ = {t (ξ, i): i ∈ ω} is a countable subset of ⋃D such that pξ−(D  Tξ ) is not
discrete at xξ ,
(7) Rξ = {λt(µ,i),j : µ ξ and i, j  n} ∪R∅.
Let G∅ = {∅} and Ξ∅ = {∅}. Let E∅ = H∅ = Σ and R∅ = {λ0}, where we choose an
arbitrary λ0 ∈Λ. Assume that the construction above has been already performed for no
greater than n.
Now, pick a ξ ∈Ξn and fix it. Put
Φ = {x ∈ pξ (Eξ ): pξ (D) is not discrete at x
}
.
Then each x ∈Φ has an open neighborhood base B(x) in Xξ such that, for each U ∈ B(x),
U is a basic open set in Xξ with U ⊂ pξ (Hξ) and U is C-topped with x ∈ Ctop∗U .
Each x ∈ pξ (Eξ )  Φ has an open neighborhood base B(x) in Xξ such that, for each
U ∈ B(x), U meets at most one member of pξ (D) and U ⊂ pξ (Hξ). By Lemma 2.1, Xξ
is paracompact C-scattered, and hence totally paracompact. Since pξ (Eξ ) is closed in Xξ ,
there is a locally finite (in Xξ ) cover {Uη: η ∈ Ξξ } of pξ (Eξ ) consisting of members of⋃{B(x): x ∈ pξ (Eξ)}. Let
Ξ+ξ =
{
η ∈Ξξ : Uη meets at most one member of pξ (D)
}
and let Ξ−ξ = Ξξ  Ξ+ξ . Let Gξ = {p−1ξ (Uη): η ∈ Ξ+ξ }. Then Gξ is a locally finite
collection of open sets in Σ such that G meets at most one member of D and G ⊂ Hξ
for each G ∈ Gξ . For each η ∈Ξ−ξ , let Eη = p−1ξ (Uη ∩ pξ (Eξ )) (= p−1ξ (Uη)∩Eξ). Then
note that Eξ  (
⋃Gξ ) ⊂⋃{Eη: η ∈ Ξ−ξ } ⊂ Eξ . Pick an η ∈ Ξ−ξ and fix it for a while.
We can find xη ∈ Φ with Uη ∈ B(xη). Since Uη is C-topped basic closed set in Xξ with
xη ∈ Ctop∗Uη, it follows that Eη is an Rξ -cylindrically closed set in Σ such that pξ (Eη)
is a basic closed set in Xξ with xη ∈ Ctop∗ pξ (Eη). Since Xξ has countable tightness and
xη ∈Φ , it follows from [12, Lemma 2] that there is a countable subset Tη = {t (η, i): i ∈ ω}
of
⋃D such that pξ (D  Tη) is not discrete at xη. Let
Rη = {λt(µ,i),j : µ η, and i, j  n+ 1} ∪ {λ0}.
Since {pξ (Eη): η ∈ Ξ−ξ } is locally finite in Xξ which is paracompact, there is a locally
finite collection {Vη: η ∈ Ξξ } of open sets in Xξ such that pξ (Eη) ⊂ Vη ⊂ pξ (Hξ) for
each η ∈Ξ−ξ . Let Hη = p−1ξ (Vη) for each η ∈Ξ−ξ . Then {Hη: η ∈Ξ−ξ } is a locally finite
collection of Rξ -cylindrically open sets in Σ such that Eη ⊂Hη ⊂Hξ for each η ∈Ξ−ξ .
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Here, letting ξ range overΞn, put Gn+1 =⋃{Gξ : ξ ∈Ξn} andΞn+1 =⋃{Ξ−ξ : ξ ∈Ξn}.
We define the order < between Ξn+1 and Ξn by ξ < η iff η ∈Ξ−ξ for each ξ ∈Ξn and η ∈
Ξn+1. Then all the conditions (1)–(7) are satisfied.
Let G =⋃n∈ω Gn. It follows from (1) that G is a σ -locally finite collection of open sets
in Σ such that G meets at most one member of D for each G ∈ G. So it suffices to show
that G covers Σ . Now, assume that there is a point y ∈Σ ⋃G. By E∅ =Σ and (5), we
can inductively choose a sequence {ξn} such that ξn ∈Ξn, ξn < ξn+1 and y ∈Eξn for each
n ∈ ω. Let Q=⋃n∈ω Rξn .
Claim 1.
(i) Rξn ⊂Rξn+1 for each n ∈ ω,
(ii) Q=⋃{Supp(t): t ∈ Tξn and n ∈ ω},
(iii) rankpξξ−(xη)(λ) rankxξ (λ) for each λ ∈Rξ− and for each η ∈Ξn+1, n ∈ ω, with
η− = ξ .
Proof of Claim 1. (i): It is obvious from (7).
(ii): Assume that λ ∈ Supp(t), t ∈ Tξn and n ∈ ω. Then λ= λt,j and t = tξn,i for some
i, j ∈ ω. Let m= n+ i+ j . By ξn < ξm and i, j m, we have λ ∈ Rξm ⊂Q. The converse
is obvious.
(iii): By (4) and (5), we have pξξ−(xη) ∈ p
ξ
ξ−pξ (Eη) = pξ−(Eη) ⊂ pξ−(Eξ ) and xξ ∈
Ctop∗ pξ−(Eξ ). That is, for each λ ∈ Rξ−, pλ(Eξ ) is a closed set in Xλ such that
p
ξ
ξ−(xη)(λ) ∈ pλ(Eξ ) and xξ (λ) ∈ Ctoppλ(Eξ). Hence the inequality holds.
After this in the proof, we omit the index letter ξ for the simplicity. That is, pξnξk , xξn,Eξn
and Rξn are abbreviated by pnk , xn,En and Rn, respectively.
Claim 2. For each λ ∈ Q, there is mλ ∈ ω such that n  mλ implies xn(λ) ∈
Ctoppλ(Emλ).
Proof of Claim 2. Let λ ∈ Q. By (i), choose k ∈ ω with λ ∈ Rk−1. Take any n > k.
By λ ∈ Rk−1 ⊂ Rn−1 ⊂ Rn, we have xn+1(λ) = pnn−1(xn+1)(λ). It follows from (iii)
that rankxn+1(λ) rankxn(λ). Since there is no strictly decreasing sequence of ordinals,
there is mλ ∈ ω such that rankxn(λ) = rankxmλ(λ) for each n  mλ. Let n  mλ. Since
xn(λ) ∈ pλ(En) ⊂ pλ(Emλ) and xmλ(λ) ∈ Ctoppλ(Emλ), it follows from the equality of
their ranks that xn(λ) ∈ Ctoppλ(Emλ).
Let Cmk = {pn−1k (xn): nm} for each m,k ∈ ω with m> k. Choose mk > k with mk >
max{mλ: λ ∈ Rk}. It follows from Claim 2 that pn−1k (xn)(λ) = xn(λ) ∈ Ctoppλ(Emλ)
for each λ ∈ Rk and for each n  m  mk . Hence Cmk is compact for each m  mk .
Let Kk = ⋂mk Cmk (=
⋂
mmk Cmk ) for each k ∈ ω. Then each Kk is compact with
pk+1k (Kk+1) ⊂ Kk . That is, {Kk,pk+1k } is an inverse sequence of non-empty compact
spaces. Hence there is a point 〈zk〉 ∈ lim← {Kk,p
k+1
k }. By the choice of Q and (i), we can
define the point z ∈Σ such that pk(z)= zk for each k ∈ ω and z  (ΛQ)= s  (ΛQ).
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Now, using (i), (ii) and (6), we can show that D is not discrete at z. This is verified in
the same manner as the proof of [3, Theorem 1]. It is a contradiction. ✷
As an immediate consequence of Theorem 3.1, we have:
Corollary 3.2. LetΣ be aΣ-product of paracompact scattered spaces. IfΣ has countable
tightness, then it is collectionwise normal.
4. Shrinking property of Σ -products
A space S is shrinking if for every open cover {Gγ : γ ∈ Γ } of S, there is an open cover
{Uγ : γ ∈ Γ } of S such that Uγ ⊂ Gγ for each γ ∈ Γ . A space S is subshrinking if for
every open cover {Gγ : γ ∈ Γ } of S, there is a closed cover {Fγ,n: γ ∈ Γ and n ∈ ω} of S
such that Fγ,n ⊂Gγ for each γ ∈ Γ and n ∈ ω.
Since normal and subshrinking spaces are shrinking, it often happens to discuss the
subshrinking property instead of the shrinking one. As a basic idea of this section is found
in [14], we use the same notations as in there.
Let ΣΛR be a Σ-product of spaces Xλ,λ ∈Λ R, where R ∈ [Λ]<ω . We may pick
a point t (λ) ∈ Xλ different from s(λ) for each λ ∈ Λ. For each R ∈ [Λ]<ω and each
r ∈ [ΛR]<ω , an open neighborhoodWr of s  (ΛR) in ΣΛR is r-basic if
Wr =
(∏
{Wλ: λ ∈ r} ×
∏{
Xλ: λ ∈Λ (R ∪ r)
})∩ΣΛR,
where Wλ is an open neighborhood of s(λ) in Xλ with t (λ) /∈Wλ for each λ ∈ r .
Lemma 4.1. Let Σ be a Σ-product of spaces Xλ,λ ∈Λ, and let G = {Gγ : γ ∈ Γ } be an
open cover of Σ . For each R ∈ [Λ]<ω and each closed set F in XR , let
M(F) = {r ∈ [ΛR]<ω: There is an r-basic open neighborhood Wr of
s  (ΛR) such that F ×Wr ⊂Gγ for some γ ∈ Γ
}
.
If there is a σ -locally finite closed cover {Eξ : ξ ∈ Ξ+} of Σ such that each Eξ is Rξ− -








where Rξ− ∈ [Λ]<ω and pΛξ− denotes the projection of Σ onto ΣΛRξ− , then there is
a closed cover {Fγ,n: γ ∈ Γ and n ∈ ω} of Σ such that Fγ,n ⊂ Gγ for each γ ∈ Γ and
n ∈ ω.
Lemma 4.1 was proved in [14, Basic Lemma II], where we use Rξ− ∈ [Λ]<ω instead of
Rξ ∈ [Λ]ω for the next proof.
Theorem 4.2. If Σ is a Σ-product of first countable, subparacompactC-scattered spaces,
then it is subshrinking.
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Proof. Let Σ be a Σ-product of first countable, subparacompact C-scattered spaces
Xλ, λ ∈Λ, with a base point s ∈Σ . Let {Gλ: λ ∈Λ} be an open cover of Σ .
Now, for each n ∈ ω, we will construct an index set Ξn = Ξ+n ⊕ Ξ−n of nth level of
a tree with the height ω such that each ξ ∈ Ξn assigns Eξ ⊂ Σ , and each ξ ∈ Ξ−n and
k ∈ ω assign Rξ ∈ [Λ]<ω,xξ ∈Σ,yξ,k ∈Σ,Uξ (·)⊂Xξ and Uξ (·, k)⊂Xξ , satisfying the
following conditions (1)–(3) for each n ∈ ω:
(1) {Eξ : ξ ∈Ξn} is σ -discrete in Σ such that Eξ is an Rξ− -cylindrically closed set in
Σ for each ξ ∈Ξn, where ξ− denotes µ ∈Ξn−1 with µ< ξ ,
(2) for each ξ ∈Ξ+n ,Eξ ⊂
⋃{p−1Λξ−(Wr): r ∈M(pξ−(Eξ ))},
(3) for each ξ ∈Ξ−n ,
(a) Eξ =⋃{Eη: η ∈Ξn+1 with η− = ξ},
(b) for each x ∈ Xξ , Uξ (x) is a basic open neighborhood of x in Xξ such that
x ∈ Ctop∗Uξ (x),
(c) for each x ∈ Xξ , {Uξ (x, k): k ∈ ω} is an open neighborhood base of x in Xξ
such that Uξ (x)=Uξ (x,0) and Uξ (x, k + 1)⊂Uξ (x, k) for each k ∈ ω,
(d) pξ−(Eξ )⊂Uξ−(xξ ),
(e) pξξ−(Uξ (xη))⊂Uξ−(xξ ) if η− = ξ ,
(f) yξ,k ∈ p−1ξ− (Uξ−(xξ , k))
⋃{p−1Λξ−(Wr): r ∈M(Uξ−(xξ , k))},
(g) Rξ =⋃{〈Supp(yξ,k)〉n: µ ξ and k  n} where 〈Supp(y)〉n means {λi : i  n}
for Supp(y)= {λi : i ∈ ω}.
The construction is similar to that in the proof of [14, Theorem 4]. We may just consider
Uξ (x) and Uξ (x, k) instead of gξ (x, k), where it should be noted by Lemma 2.1(a) that




Eξ : ξ ∈Ξ+n and n ∈ ω
}
.
Then it follows from (1) and (2) that E is σ -discrete in Σ such that each Eξ is Rξ− -
cylindrically closed set in Σ with Eξ ⊂ ⋃{p−1Λξ−(Wr): r ∈ M(pξ−(Eξ ))}. It suffices
from Lemma 4.1 to show that E covers Σ . Assume that there is a point y ∈Σ ⋃E . By
(3.a), we can inductively choose a sequence {ξn} such that ξn ∈Ξn, ξn < ξn+1 and y ∈Eξn
for each n ∈ ω. Let Q =⋃n∈ω Rξn(=
⋃{Supp(yξn,k): n, k ∈ ω}). As the same way as
Claim 2 in the proof of Theorem 3.1, for each λ ∈Q, there is mλ ∈ ω such that n  mλ
implies xξn(λ) ∈ Ctoppλ(Uξmλ−1(xξmλ )). Moreover, we similarly define Cmk and Kk for
each k,m ∈ ω with k <m as above. Then we can find a point 〈zk〉 ∈ lim← {Kk,p
k+1
k }. So, we
take the point z ∈Σ defined by pk(z)= zk for each k ∈ ω and z  (ΛQ)= s  (ΛQ).
Finally, we can obtain a contradiction in the same argument as [14, Lemma 7]. ✷
As an immediate consequence of Theorems 3.1 ad 4.2, we have:
Corollary 4.3. If Σ is a Σ-product of first countable, paracompact C-scattered spaces,
then it is shrinking.
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A space S is subnormal if for any disjoint closed sets A and B in S, there are disjointGδ-
sets G andH such thatA⊂G andB ⊂H . Clearly, every subshrinking space is subnormal.
Proposition 4.4. Let Σ be a Σ-product of subparacompact C-scattered spaces. If Σ has
countable tightness, then it is subnormal.
The proof is similar to that of Theorem 3.1. The detail is left to the reader.
Finally, we raise two problems which seem to be natural from all our results.
Problem 1. LetΣ be aΣ-product of paracompactC-scattered spaces. IsΣ collectionwise
normal if it is normal?
Problem 2. Let Σ be a Σ-product of paracompact C-scattered spaces. Is Σ shrinking
(equivalently, subshrinking) if it has countable tightness?
Remark. Problems 1 and 2 are not solved even if “C-scattered” is strengthened by
“scattered”. Problem 2 for scattered case is just the parenthetic part of (∗) stated in
Introduction.
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